























$\mathfrak{g}=M(4, \mathbb{C})$ $G_{\mathbb{C}}=GL(4, \mathbb{C})$
$\mathfrak{g}_{0}=u(2,2)=$
$=\{\{\begin{array}{l}BA{}^{t}\overline{B}D\end{array}\}\in M(4, \mathbb{C})|{}^{t}\overline{A}=-A\in n(2),{}^{t}\overline{D}=-D\in n(2),$ $B\in M(2, \mathbb{C})\}$
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$t_{0}=\{\{\begin{array}{ll}A 00 D\end{array}\}\in M(4, \mathbb{C})|{}^{t}\overline{A}=-A\in n(2),{}^{t}\overline{D}=-D\in n(2)\}=u(2)\oplus n(2)$
$K=\{\{\begin{array}{ll}A 00 D\end{array}\}\in U(4)|A,$ $D\in U(2)\}$
$K_{\mathbb{C}}=\{\{\begin{array}{ll}A 00 D\end{array}\}\in GL(4, \mathbb{C})|A,$ $D\in GL(2, \mathbb{C})\}$
$\theta(X)=\{\begin{array}{ll}1 00 -1\end{array}\}X\{\begin{array}{ll}1 00 -1\end{array}\}$ (X $\in \mathfrak{g}$ ) : Cartan involution,
$T=\{\{\begin{array}{llll}e^{i\theta_{1}} e^{i\theta_{2}} e^{i\theta_{3}} e^{i\theta_{4}}\end{array}\}\in U(4)\}\subset K$ : Compact Cartan subgroup





$\epsilon_{i}$ : $t\ni\{\begin{array}{llll}x_{1} x_{2} x_{3} x_{4}\end{array}\} x_{i}\in \mathbb{C}$ , $\alpha_{i}=\epsilon_{i}-\epsilon_{i+1}\in t^{*}(1\leq i\leq 3)$
$\{\alpha_{1}, \alpha_{2}, \alpha_{3}\}$ : a set of simple roots
$\{\alpha_{1}, \alpha_{3}\}$ : compact positive roots
$\{\alpha_{2}, \alpha_{1}+\alpha_{2}, \alpha_{2}+\alpha_{3}, \alpha_{1}+\alpha_{2}+\alpha_{3}\}$ : non-compact positive roots
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Cayley
$c_{01}=\{\begin{array}{llll}1 1/\sqrt{2} -1\sqrt{2} 1/\sqrt{2} 1 1\sqrt{2}\end{array}\},$ $c_{02}=\{\begin{array}{llll}1/\sqrt{2} -1\sqrt{2} 1/\sqrt{2} -1\sqrt{2}1/\sqrt{2} 1/\sqrt{2} 1\sqrt{2} 1\sqrt{2}\end{array}\}$
$c_{01}$ : $tarrow^{\sim}\mathfrak{h}^{1}$ , $c_{02}$ : $tarrow^{\sim}\mathfrak{h}^{2}$
Cartan $T,$ $H^{1},$ $H^{2}([K, p.130])$
$\mathfrak{h}_{0}^{1}=\{[\sqrt{-1}\theta_{1}$
$\sqrt{-1}\theta_{2}s$ ’= \mbox{\boldmath $\theta$}3
$\sqrt{-1}\theta_{2}^{s}]|\theta_{i},$ $s\in \mathbb{R}\}$
$\mathfrak{h}_{0}^{2}=\{\{\begin{array}{llll}\sqrt{-1}\theta_{1} .s ]\text{ }\theta ts t \sqrt{-1}\theta_{1} \sqrt{-1}\theta_{2}\end{array}\}|\theta_{i},$ $s,$ $t\in \mathbb{R}\}$
to Borel : $B=\{\{\begin{array}{l}**********\end{array}\}\}$
$X=\{V\}$ :flag variety ( $16-10=6$ )
V $=\{0\subsetneqq V_{1}\subsetneqq V_{2}\subsetneqq V_{3}\subsetneqq V_{4}=\mathbb{C}^{4}\}$ :a flag
$V^{(0)}=\{0\subsetneqq\langle e_{1}\}\subsetneqq\langle e_{1}, e_{2}\rangle\subsetneqq\langle e_{1}, e_{2}, e_{3}\rangle\subsetneqq \mathbb{C}^{4}\}$ : $X$ a base point







2 Bruhat order Bruhat cell
Weyl $W=\mathfrak{S}_{4}$ weak left (or right) Bruhat order
$i$
[
$i$ . $i+1$ $\overline{i}|$ $i$ $i+1$
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Weyl $w\in 6_{4}$ Bruhat cell $BwB/B$
$\blacksquare$ Bruhat cell
(1234) $\{V_{1}V_{2}V_{3}$ $===$ $\{\begin{array}{l}e_{1})=V_{1}^{0}e_{1},e_{2}\}=V_{2}^{0}e_{1},e_{2},e_{3}\rangle=V_{3}^{0}\end{array}$
(2134) $\{\begin{array}{l}V_{1}=\langle e_{2}+\lambda e_{1}\rangle V_{2}=V_{2}^{0}V_{3}=V_{3}^{0}\end{array}$
(1324) $\{\begin{array}{l}V_{1}=V_{1^{0}}V_{2}=\langle e_{3}+\lambda e_{2},e_{1}\rangle V_{3}=V_{3}^{0}\end{array}$
(1243) $\{\begin{array}{l}V_{1}=V_{1^{0}}V_{2}=V_{2}^{0}V_{3}=\langle e_{1},e_{2},e_{4}+\lambda e_{3}\rangle\end{array}$
(2314) $\{V_{3}^{1}V_{2}V$ $===$ $V_{3}^{e_{3}^{2}}\langle I^{\lambda e_{1}\rangle}\mu e_{1)}e_{2}\langle e_{0}+\lambda e_{1}$}
(3124) $\{\begin{array}{l}V_{1}=\langle e_{3}+\lambda e_{1}+\mu e_{2}\rangle V_{2}=\langle e_{1)}e_{3}+\mu e_{2}\rangle V_{3}=V_{3}^{0}\end{array}$
(2143) $\{\begin{array}{l}V_{1}=\langle e_{2}+\lambda e_{1}\rangle V_{2}=V_{2}^{0}V_{3}=\langle e_{1},e_{2},e_{4}+\mu e_{3}\rangle\end{array}$
(1342) $\{\begin{array}{l}V_{1}=V_{1}^{0}V_{2}=\langle e_{3}+\lambda e_{2},e_{1}\rangle V_{3}=\langle e_{4}+\mu e_{2},e_{3}+\lambda e_{2},e_{1})\end{array}$
(1423) $\{\begin{array}{l}V_{1}=V_{1}^{0}V_{2}=\langle e_{1},e_{4}+\lambda e_{2}+\mu e_{3}\}V_{3}=\langle e_{1},e_{2},e_{4}+\mu e_{3}\rangle\end{array}$
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(2341) $\{V_{1}V_{3}V^{2}$ $===$ $\{\begin{array}{l}e_{2}+\lambda e_{1}\rangle e_{3}+\mu e_{1},e_{2}+\lambda e_{1}\rangle e_{4}+\nu e_{1},e_{3}+\mu e_{1},e_{2}+\lambda e_{1}\rangle\end{array}$
(3214) $\{V_{1}V_{3}V^{2}$ $===$ $V_{3}^{e_{2}^{3}}\langle I^{\lambda e+_{3}\mu e_{2}\rangle}\nu e_{1}^{1},e+(\lambda-\mu\iota/)e_{1}\rangle\langle e_{0}$
(2413) $\{V_{1}V_{3}V^{2}$ $===$ $\{\begin{array}{l}e_{2}+\lambda e_{1}\rangle e_{1}+_{2}\mu e+\iota/e_{3}e^{4},e,e_{4^{1}}+\iota,e_{3}1^{e_{2}+\lambda e_{1}\rangle}\end{array}$
(3142) $\{V_{2}^{1}V_{3}V$ $===$ $\{\begin{array}{l}e_{3}+\lambda e_{1}+\mu e_{2})e_{1},e_{3}+\mu e_{2}\rangle e_{4}+\nu e_{2},e_{1},e_{3}+\mu e_{2}\rangle\end{array}$
(1432) $\{V_{3}^{1}V_{2}V$ $===$ $V_{e,e_{3}^{4}}\langle e_{1}^{1^{0_{1}}},e\langle I^{\lambda e_{2}+_{4}\mu e\rangle}\nu e_{2},e+^{3}(\lambda-\mu\nu)e_{2}\rangle$
(4123) $\{V_{3}^{1}V_{2}V$ $===$ $\{\begin{array}{l}e_{4}+\lambda e_{1}+\mu e_{2}+\nu e_{3}\rangle e_{1},e_{4}+\mu ee_{2}+\nu e_{3}\rangle e_{1},e_{2},e_{4}+\nu e_{3}\rangle\end{array}$
(3241) $\{V_{3}^{1}V_{2}V$ $===$ $\{\begin{array}{l}e_{3}+\lambda e_{1}+\mu e_{2}\rangle e_{2}+\iota,e_{1},e_{3}+(\lambda-\mu\nu)e_{1}\rangle e_{4}+\tau e_{1},e_{2}+\nu e_{1},e_{3}+(\lambda-\mu\nu)e_{1}\}\end{array}$
(2431) $\{V_{1}V_{2}V_{3}$ $===$ $\{\begin{array}{l}e_{2}+\lambda e_{1}\rangle e_{4}+\mu e_{1}+\nu e_{3},e_{2}+\lambda e_{1}\rangle e_{3}+\tau e_{1},e_{2}+\lambda e_{1},e_{4}+(\mu-\nu\tau)e_{1}\rangle\end{array}$
(4213) $\{V_{3}^{1}V_{2}V$ $===$ $\{\begin{array}{l}e_{4}+\lambda e_{1}+\mu e_{2}+\nu e_{3}\rangle e_{2}+\tau e_{1},e_{4}+(\lambda-\mu\tau)e_{1}+\nu e_{3}\rangle e_{1},e_{2},e_{4}+\nu e_{3}\rangle\end{array}$
(3412) $\{V_{3}^{1}V_{2}V$ $===$ $\{\begin{array}{l}e_{3}+\lambda e_{1}+\mu e_{2}\rangle e_{4}+\nu e_{1}+\tau e_{2},e_{3}+\lambda e_{1}+\mu e_{2}\rangle e_{1},e_{4}+\tau e_{2},e_{3}+\mu e_{2}\rangle\end{array}$
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(4132) $\{V_{3}^{1}V_{2}V$ $===$ $\{\begin{array}{l}e_{4}+\lambda e_{1}+\mu e_{2}+\nu e_{3}\rangle e_{1},e_{4}+\mu e_{2}+\nu e_{3}\rangle e_{1},e_{3}+\tau e_{2},e_{4}+(\mu-\nu\tau)e_{2}\rangle\end{array}$
(3421) $\{V_{3}^{1}V_{2}V$ $===$ $\{\begin{array}{l}e_{3}+\lambda e_{1}+\mu e_{2}\}e_{4}+\nu e_{1}+\tau e_{2},e_{3}+\lambda e_{1}+\mu e_{2}\rangle e_{2}+\sigma e_{1},e_{4}+(\nu-\sigma\tau)e_{1},e_{3}+(\lambda-\sigma\mu)e_{1}\rangle\end{array}$
(4231) $\{V_{2}^{1}V_{3}V$ $===$ $\{\begin{array}{l}e_{4}+\lambda e_{l}+\mu e_{2}+\nu e_{3})e_{2}+\tau e_{1},e_{4}+(\lambda-\mu\tau)e_{1}+\nu e_{3}\rangle e_{3}+\sigma e_{1},e_{2}+\tau e_{1},e_{4}+(\lambda-\mu\tau-\sigma\nu)e_{1}\rangle\end{array}$
(4312) $\{V_{3}^{1}V_{2}V$ $===$ $\{\begin{array}{l}e_{4}+\lambda e_{1}+\mu e_{2}+\nu e_{3})e_{3}+\tau e_{1}+\sigma e_{2},e_{4}+(\lambda-\nu\tau)e_{1}+(\mu-\nu\sigma)e_{2}\rangle e_{1},e_{3}+\sigma e_{2},e_{4}+(\mu-\nu\sigma)e_{2}\rangle\end{array}$
(4321) $\{V_{3}^{1}V_{2}V$ $===$ $\{\begin{array}{l}e_{4}+\lambda e_{1}+\mu e_{2}+\nu e_{3}\rangle e_{3}+\tau e_{1}+\sigma e_{2},e_{4}+(\lambda-\nu\tau)e_{1}+(\mu-\nu\sigma)e_{2}\rangle e_{2}+\rho e_{1},e_{3}+(\tau-\sigma\rho)e_{1},e_{4}+(\lambda-\nu\tau-\rho\mu+\rho\nu\sigma)e_{1}\rangle\end{array}$
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3 $K_{\mathbb{C}}$ -orbit
$K_{\mathbb{C}}$-orbit - [MO] orbit
$V=V_{+}\oplus V_{-},$ $V_{+}=\langle e_{1}, e_{2}\rangle,$ $V_{-}=\langle e_{3}, e_{4}\rangle$




$(V_{3}\cap V_{+})+(V_{3}\cap V_{-})\supset V_{1}$
$X$ 3
$K_{\mathbb{C}}$-orbits $a+-a,$ $a-+a$ , abba
orbit [MO, Fig.7]
AIII $\mathfrak{g}^{s}=\epsilon\iota((2,2)$ $GL(2, C)xGL(2, C)\backslash GL(4, C)/B$ $\proptoarrowarrow$
1 2 3Fig. 7
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4 $K_{\mathbb{C}}$ -orbit Bruhat cell
4.1
$\blacksquare$ B-orbit . $K_{\mathbb{C}}$-orbit
B-orbit Bruhat Weyl $(\begin{array}{llll}1 2 3 4i_{1}i_{2}i_{3}i_{4} \end{array})$
$i_{1}i_{2}i_{3}i_{4}$ (\S 2 )
$K_{\mathbb{C}}$-orbit - clan ([MO]) (\S 3 )
$\blacksquare 2$ ( )
B-orbit
$K_{\mathbb{C}}$ -orbit
4321 . abba open dense orbit 6( $0$ )
closed ( ) B-orbit 1234– $0$ ( 6)
closed ( ) $K_{\mathbb{C}}$-orbit $+$ 6 2 ( 4)








$*$ 1 compact Cartan $T$
$*$ 2 ” ” Cartan $H^{1}$
$*$ 3 ” Cartan $H^{1}$ $F_{q}^{j}$ $Q=q^{3}-2q^{2}+q-1$
$Q=\{(x, y, z)\in \mathbb{I}_{q}=3|z\neq 0, z\neq xy-1\}$
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$*$ 4 split Cartan $H^{2}$ $Q$
$\text{ _{}q}$
4.2 1
Weyl Weyl $W_{K}\backslash W$
$(Z_{2}\cross Z_{2})\backslash \mathfrak{S}_{4}\ni w_{1},$ $w_{2},$ $\cdots,$ $w_{6}$ , $\tilde{X}_{w_{i}}=\prod_{y\in W_{K}}X_{yw_{i}}=\square _{W_{K}}Byw_{i}B=Pw_{i}By\in$
B-orbit $X_{w}$ P-orbit $PX_{w}$ B-orbit
$W_{K}w$ $w_{i}$
$X_{w;}$ $P$ $K_{\mathbb{C}}$ $B$ parabolic subgroup
$r=\{\{\begin{array}{ll}\dot{\dot{A}} B0 D\end{array}\}|A,$ $B,$ $D\in M(2, \mathbb{C})\}$ .
$K_{\mathbb{C}}$-orbit $K_{\mathbb{C}}$ -orbit $S$
P-orbit $PS$ $K_{\mathbb{C}}$-orbit $\tilde{S}$ $S$
clan $\tilde{S}$ clan
clan ( $aa$ $bb$ ) $+$
( ) $a+a-\Rightarrow-++-$
B-orbit $X_{w}$ $K_{\mathbb{C}}$-orbit $S$ P-orbit $\Leftrightarrow$










1234 open orbit abba (
Cartan )
( ) $=$ (B-orbit )+(K -orbit ) $-$ ($flag$ )
2 orbit transverse
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$\backslash *’\rangle\int$ $|1\backslash \{1c\backslash 4\star\backslash ’\star\succ J\triangleleft c\circ$
$||$ $||$ $||$ $||$ $||$ $||$ $||$ $||$ $||$ $||$ $||$ $||$ $||$
$+$ $\circ$ – $\vdash Q$ – $hQ$ $hQ$ $\otimes$ $\otimes$ $\circ$ $\otimes$ $hQ$ $\circ$ $\circ$






$\omega^{1}$ $\infty^{1}$ $e^{1}$ $\infty^{1}$ $0^{1_{\partial}}$ $0^{1_{\partial}}$ $\omega^{1}$ $\sim^{1}$ $\sim^{1}$
$arrow$ $\circ$ $arrow$ $\circ$ $\omega\circ$ $\otimes$ $\circ$ $\mathfrak{Q}$ $kQ$
$+$
$\triangleright$
$+$ $\omega$ $+$ $+$
$\mapsto$
$+\infty$ $+$ $+$ $+$ $+$ $+$







$\triangleright 0$ $\circ\partial$ $\circ\partial$ $\infty$ $\infty$ $\vdash Q$
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